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1. INTRODUCTION

Most organisms have some mechanism that synchronizes their internal
ictivities with cyclic changes outside, such as the rhythm of the day or the
7ear. It has been conjectured that the observed periodicity of internal
)rocesses is completely controlled from the outside. However, even in
omplete isolation organisms will retain their internal periodicity with
»ossibly a slightly different period. That is why the current viewpoint is
hat organisms possess some clockwork, consisting of an internal oscillator
thich can be regulated from the outside. Many types of cells likewise
:xhibit spontaneous periodic behaviour, synchronized with their environment.
‘or examples of bzological clocks the reader is referred to PAVLIDIS [3]
ind WINFREE [41].

In this paper we intend to investigate mathematically some aspects of
‘his type of synchronization. Apart from synchronization with periodic
utside stimuli, we will investigate the mutual synchronization of more or
ess identical oscillators.

The state of the organism will be described by an n-dimensional vector
:(t); its components are called the state variables. Let the change of the
‘tate variables be governed by a differential equation

1.1) %’ti=g(x).

t is supposed that this equation has a periodic solution p(t) with period T:
1.2) p(t+T) = p(t).

n the phase space this periodic solution is represented by a closed trajec-—
ory X. The influence of the external events will be described by a term

s(t) in the differential equation:

1.3) %%»= g(x) + &s(t),

here the scalar § is supposed to be small.




In physical applications the state variables X, are usually well-defined
ad can be measured. In most cases the corresponding differential equations
re known. This cannot be said of biological applications, where the inves-
igations are done under quite different circumstances. Besides these diffi-
1lties, one may expect that a mathematical model of a relevant biological
coblem consists of a large number of highly nonlinear differential equations.
1e mathematical analysis of periodic solutions of such systems can be
<tremely complicated. Thus, there are mathematical as well as biological
tcuses to look for simplifications.

WINFREE [4] approached this problem as follows.

Lthout using the specific form of g(x) he derives an approximate expression
)r the behaviour of the forced oscillations of (1.3), and assumes that the

scillator (l1.1) is orbitally very stable, so that independent of the forcing
:rm the solution of (1.3) follows the orbit X of the autonomous oscillation

.1). The solution of (1.3) is then approximated by

.4) x(t) = p(¢e(t)),

ere for § sufficiently small ¢ satisfies

.5) 1w sz(e) (o).

Formula (1.4) implies that x(t) depends only on one variable the "phase"
The function z(¢) is called the "sensitivity function" of the oscillator;
$) has period T. When s(t) is periodic with a period T, close to T, the
enomenon of frequency entrainmment or synchronization may occur. The
cillator will then be forced to take over the rhythm of s(t). With the
thod described above Winfree derived some valuable results. He was able
find relations for the phase differences between synchronized oscillators
d to derive conditions for the existence of synchronized solutions. These
sults agree with observations of physical and biological systems. For
ample, a set of oscillators can only synchronize completely if their
tonomous periods are sufficiently close to each other. In the synchronized
ate the inherently faster oscillators (with smaller autonomous period)

11 be ahead in phase. In his paper Winfree gives many examples of biological




scillators exhibiting this behaviour.
It is our purpose to analyse synchronized oscillations by considering

specific system of differential equations of the type (1.1) and (1.3). We
ill derive equation (1.5) which was the starting point of Winfree's study.
or an appropriate model of a biological system, the dimension of x has to
e taken large and the function g(x) may become rather complicated. However,
ur main goal is to analyse the mechanism of synchronization. Therefore, we
void complicated computations and select a simple oscillator for which
utual coupling leads to synchronized oscillations with neglectable distur-
ance of the orbit X. We are not concerned about the agreement of such
scillator with some specific biological system. Thus we work with a model-

roblem, not with a model. In our case the system

(-F(x)+z)/e

s a prototype for autonomous oscillations of a biological system. For
(x) = x3/3 - x this system represents the well-known Van der Pol equation.
eriodic solutions of this strongly nonlinear system are called relaxation
scillations. One important property of this oscillator is its high
tability on the orbit. When there is small interaction between two or more
f these oscillators, they preserve their orbit almost completely, but they
re easily accelerated or slowed down on the orbit.

The method we apply to analyse the oscillations is based on the work
f LIENARD [1] and gives a first order asymptotic approximation for e - 0,
ee section 2. When we consider coupled oscillators a second small parameter
is introduced. The interactions are assumed to be of 0(8). Their influence
n the solution is also found by asymptotic approximation. In section 3,
he influence of one oscillator upon another is investigated. In section 4,
wo oscillators influence each other with a delay p(20). In the sections 3
nd 4 we deal with two classes of examples; one, the pilece-wise linear
scillator, for which the influence of the interactions can be given in an
ralytical expression and the other, the Van der Pol oscillator, which is

reated numerically. In section 5 the mechanism of pace-maker oscillations




investigated. Finally, in section 6 sions to systems c : than

rillators are discussed.

AUTONOMOUS OSCILLATIONS

Let us first investigate periodic ions of the differ equat
2
1) € i—% + f(x) %% +x =0, << 1,
dt

:re f(x) satisfies

2a) f(x) = £(-x)

2b) f(x) > 0, |x] >a >0

2¢c) f(x) <0, [x] < a.

will apply Liénard's method [1] to : imate the solution 2.1).

the introduction of

X
F(x) = f f(s)ds,
0

dx
e3¢t F(x),

N
I

obtain a system of the type (1.1)

dx
3a) 3 - CCF(x)+z)/e,
dz
3b) E—E = X.
the phase plane (the x,z-plane) the 'tories satisfy

4) (F(x)-2) j—f{ - ex.




‘or x bounded, the left-hand side of this equation will be 0(e).

We will now consider the limit case where € » 0. In that case the
:rajectories tend to either z = F(X) or to z = ¢ (constant). In this way
me finds a closed trajectory XO along ABCD as sketched in figure 1. It is
:asily seen that after some disturbance the solution always returns to this

:rajectory, which, therefore, is an asymptotically stable limit cycle.
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'ig.1 Phase plane of (2.3) for € >~ 0. The closed trajectory ABCD represents

the periodic solution.

The intervals AB and CD are called the regular intervals, while BC and
A are the singular intervals of the limit cycle. On the regular intervals

he periodic solution approximately satisfies

z = F(x)
dz _
dt

rom this one obtains
dx
2.5) f(x) It - %

here, according to (2.2b) f(x) is positive.
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.8.2 Periodic solution of (2.1) and its approximation,

In figure 2a the periodic solution of (2.1) with some ¢ > 0 is sketched.

le corresponding closed trajectory X8 lies near X, in the phase plane. For

0
>0 Xe tends to XO' We distinguish two types of behaviour x'(t) = 0(1) on

. -1 . . .
le regular intervals and x'(t) = O(e ') on the singular intervals. In figure
- a first order approximation of this periodic solution is constructed. On
e regular interval AB the solution is approximated by x = xo(t) satisfying

.3) with € = 0 so

*0
.6) t=—-J £ (x) dx, t < 0.
X
a

the singular intervals the solution is approximated by the trajectories
and DA of figure !, denoting jumps in x from +a to +b. From (2.3b) we

duce that the period can be written as the integral

limit
cycle

ich is approximated by the contributions from the regular intervals.




b
2.7) T =2 J £) gy
a

et the difference between T and T, be denoted by R(e). It can be proved

hat R(e) - 0 as € »> O. °
hen in the sequel, we refer to the approximate solution of the autonomous

roblem (2.1) we mean the discontinuous periodic solution xo(t) with period
‘0, defined by (2.6) for -iT

:O(t) = - xo(t-%TO).

g <t< 0 and by the relation

. FORCED OSCILLATIONS

In a next step, we consider a system of two equations of the type (2.1)
ith coupling in one direction. It is assumed that the difference of the
utonomous frequencies is of the same order as the coupling, which is sup-

osed to be small;

d2 d
3.1a) e & T 4 £(y) £ 4 y = (py+v)é,
2 dt
dt
d2V dv
3.1b) e — + f(v) =— +v =0,
dtz dt

here p is an arbitrary constant and § satisfies
0 < e << § << 1.

In the foregoing section we approximated the solution of (3.1b). Let

s call this approximation vo(t). The autonomous equation corresponding to

3.1a):
d
2+f(y)g-}ti+y=p6y,

as, according to the theory of section 1, a periodic solution with period

T = To(l4ps) + 0(62) + 0(R(e)).




We will demonstrate that because of the forcing term there exists a
/mchronized periodic solution of (3.1a) for p sufficiently small; it will
iwve the same period as v(t). To be more precise: We will construct synchro-

yus asymptotic approximations for y(t) and .v(t).

We start with writing (3.1) as a first order system if the type (2.3)

}.2a) € %% = - F(y) + u,
}.2b) %%-= -y + Spy + 8v,
1e2¢) € %%-= - F(v) + w,
i.2d) %%-= - v,

d construct a first order approximation of this system with respect to €.

imination of t yields

.3a) (F(y)-u) gg = e(y-6py-6v)
dw
.3b) (F(v)-w) ~ - €V

with (2.4) we see that for ¢ » 0 the trajectories of the first equation
nd to either u = F(y) or to u = ¢ (constant) regardless of the order §
ange of the equation. Therefore, as € > 0 y runs through the same limit
cle X0 as in the unperturbed case, however its velocity is slightly

fferent. From (3.2) it follows that on the regular interval u = F(y) one

S
dyO
-4) f(yo) _c_l—t_ = - yO + 6p}’o + dv.
' dy0 dyO
nsequently, for § sufficiently small (———) < 0 and ———) >0
dt %x=b \dt x=-b

(see fig.3).
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Fig.3 Phase plane of (3.2ab) for € >~ 0 and § sufficien
from this it follows that yo(t) can be written as
(3.5a) Yo (t) = x0(¢y(t)),

for some time-dependent function ¢y(t), which is calle

Substitution of (3.5a) into (3.4) yields, with the aid

tial equation for the phase of vy,

oy v(t)
(3.5b) L=1-6p -6 RO

[t is evident that the first order approximation with

:an be represented by

(3.6a) vo(t) = x,(¢,(t))
vhere ¢V satisfies

(3.6b) —— =1,

Je take ¢y(0) = ay, ¢V(0) =a, and denote the differen

for ¢v we obtain

3.7) ¢V(t) =a + t.

of yo(
differ

. of (3




fter a period To the v oscillation will return to its origis
3.8) ¢V(T0) = av(mod TO).

synchronized periodic solution occurs if the y oscillation

eturn to its former state in the same time:
3.9) ¢y(TO) = ay(mod TO).

The solution of (3.5) will be approximated by iteration.

pproximation is

¢(2)(t) = ay + t.

second iteration yields

t
+
x (a +T1)

3.10) ¢(;)(t) = ay +t - §pt - § J 0

;575—:?7 drt.
0 y

: can be shown that
(D _ _ 2
3.11) b g (t) ¢y(t) 0(87)

)plying condition (3.9) to the approximation (3.10) of ¢y(TO

T
x. (o +T)
, _ _ 0 v
1.12) ay + TO 6pT0 S J

0

W d'r = OLy (mod TO).

nce XO has period TO’ the integral in (3.12) depends only o

itroducing the asymptotic influence function

T

1 *o(T)
.13) ¥Y(R) =E£X—O—(‘;;—B—)d'r,

ate

also

irst

btain
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one can write the condition (3.12) as
(3.14) ¥(B) = - p.

From this equation it can be seen that synchronization is possible only
when |p| is sufficiently small: the difference in natural frequencies should
not be too large.

In order to study the stability of a synchronized solution with B = B
satisfying ¥(B) = - p, we define the mapping g that assigns to a given phase

difference BO at a time t, a phase difference B, at a time t, + T.. This

0 0 0
mapping is based on formula's (3.7) and (3.10) and has the form

(3.15a) 8] = 8(30)
with
(3.15b) g(B) =8 - PGTO - TO5W(B)-

This synchronized state is asymptotically stable if for Bo in a certain
neighbourhood of B we have 181431 < k130—§1 for 0 <k < 1. If g is differen-

tiable in B this amounts to lg'(8)] < 1. Since & is small, this stability
condition is equivalent to

(3.16) y'(B) > 0.

The asymptotic influence function has the following properties

(3.17ab)  ¥(B+3T) = - ¥(B), ¥(0) =1,

(3.18a)  1lim ¥'(8) = - %l (p+%-1oggq,
R+0 0

(3.185)  lim ¥'(8) = 2= (1+2+10g 2);
810 0

where a and b are given in figure 1.




~Y

{AMPLE 1

The oscillator (2.1) with f(x) = sign (xz—l) is called the pzecewise
‘near oscillator. This oscillator has the nice property that the asympto
)proximation of its solution has a simple form. For ¢ -+ 0 the solution

:nds to xO(t), with period T, = 2 log 3:

0
T
S -0
xo(t) = e for 7 < t <0
T
xo(t) = —3e_t for 0 < t < 7? .

nsequently the asymptotic influence function can be easily calculated.

bstitution of x_ in (3.13) yields:

0
48 | 8 To
.19) Y(B) = (1+ 1Og3) e, -5 < B <0,
. . TO .
ich together with W(B+-E-) = — Y(B) defines VY.

Note that the amplitude of ¥(B) is 1. Thus a synchronized solution
ists if |p| < 1.

r p on the interval (-1,1) the equation Y(B) =-p has two roots in

TO TO\ TO
-5 > 5 |- The root B on (-—-,0) corresponds to a stable synchronized
22 ) s T2

lution, the root Bu in (0’_%2) corresponds to an unstable synchronized

lution.

->

R
-log 3 s ulog 3

3.4 Asymptotic influence function ¥(B) for the piece-wise linear oscilla




section synchronous asymptotic solutions of (3.2) were fou
compare these solutions with numerical solutions, we define
(3.2ab) or (3.2cd) in a neighbourhood of the limit cycle X€

e limit cycle XE a phase ¢ is defined by

(x(t),z(t)) = t (mod T).

< 1 the point (y(t),u(t)) of (3.2) will stay in a neighbour
it cycle Xe' We will extend & to the ring-shaped domain Q.
he form of XE is such that there exists a unique point
y,Au), A > 0 with (y',u'") Xe' For (y,u) € Q we define

(you) = o(y',u").

tial values for (3.2) are taken on XE,

(0)

x(ay), u(0) Z(dy),

(0) X(av), w(0) Z(av),

(0)) = oy 2(v(0),w(0)) = o .
te the phase difference by B(t);

() = o(y(t),u(t)) —o(v(t),w(t)).
on S be defined by

_ _ B(T) - 8(0)
(ag,a,) = 5T

have
y(E),u(E)) > (8 (£)),520 (8 (£))),

v(t),w(t)) -~ (x0(¢v(t)),zo(¢v(t>)>,




RN

1d because of the continuity of & near Xe’

o(y(t),u(t)) -~ ¢y(t),
2(v(),u(t)) > ¢_(t).
sing (3.5), (3.6) and (3.7) we find the following limit behaviour for S

lim S(a_,0 ) = ¥(a —a ) + 0(8),
e>0 vV yov
lere ¥ satisfies (3.13).

Note that in the first order asymptotic approximation in & of S only

1e phase difference ay - o, occurs.

(AMPLE 2
For coupled oscillators (3.1) with f(x) = x2 - 1 (Van der Pol oscil-
itors), the function S(B,0) has been approximated numerically for e = %00
1
d 6§ = 5=

70" The autonomous period fs T = 1.72 for this value of e. Note

at TO =3 -2log 2 = 1.61. For the numerical integration of (3.2) the
‘'ocedure Multistep of the library NUMAL [2] was used. In figure 5, S(B,0)

- compared with ¥(B).It is noted that the two functions indeed agree up to
§) and that a maximum influence is obtained when the two oscillators are
. the same phase. Obviously, it is advantageous to start with oscillator
.la) slightly ahead, so that during the following period when this
cillator slows down the point is passed where the oscillators have equal
ases. This adjustment is found in S(B8,0), where the maximum value is

tained for B > 0.
m
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———— ¥(B)
S(g,0)

TO/Z

Comparison of the asymptotic influence function ¥(B) with a numerical

approximation of S(B,0) for the Van der Pol oscillator.

'UAL SYNCHRONIZATION OF TWO OSCILLATORS COUPLED WITH DELAY

. this section we consider a system of two equations of the type (2.1)

d with delay p = O:

2
d d
€ ——%-+ f(y) a% +y = §{py(t) + v(t-p)},
dt
2
d d
—"2-+ £(v) 8‘%+V= § q y(t=p),
dt

0 <eg << 8 <<1, q>0 and p arbitrary. In order to analyse the
. influence of y and v we apply the same method as in section 3, For

ling to zero and § sufficiently small the solutions tend to yO(t) and




4.2a) yo(t) = x0(¢y(t)),

4,2b) vO(t) xo(¢v(t)),

here ¢y and ¢v satisfy

d¢ v, (t=p)
B P YL A
4.2c) It 1 Sp 8 v (6) °
0
d¢ ¥ (t=p)
Vool -gq 9~
4.2d) —E-— 1 (Sq Vo(t) D
et
4.3) ¢y(0) = ay, ¢V(0) = a, = ay - .
ynchronization will occur if a T" ex iuch that
*
/, =
4.4a) ¢y(T ) ay(mod TO),
*
[/ =
4.4b) ¢V(T ) av(mod TO).

. *
write for T

w

+.5) 7" = T, (1+Y6)
id solve (4.2) by iteration. The fir roximation i
‘ (0)
.ba t) = a + t
t.6a) ¢y (t) y
(0) -
+.6b) ¢, (t) = a, *+ t.

:eration yields

3 +T—
g p)

[}

(1)
.7 -8 -6
t.7a) ¢y (t) ay + t pt

(ay+r)
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t
x,(a_+1-p)

| ¢f,”(t)=ocv+t-6qf 0

xo(a +7) de
0 v

1\ be shown that
, Moy - - 0(s?
¢y (t) ¢y(t) (87)

(D gy - = 0(52
o, " (8) = o (t) = 0(87)

ng the conditions (4.4) to the approximation (4.7) we obtain

*
T = TO + 5qTO\9("B+O)

%) (g,q) = p

(p)

¥ is given by (3.11) and X satisfies

P (8,q) = v(B+o) - q ¥(-B+p).

n order to study the stability of a synchronized solution with B = B
'ying (4.10) we define the mapping that assigns to a given phase dif-

e By at time t,. a phase difference B] at time t. + T". This mapping

0 0

.ed on (4.7) and has the form
) B, = h(BO)

) with h(B) = B - psT, + x(p)(B,q) Tyé

0

ynchronized state is asymptotically stable if for 80 in a certain

ourhood of B
18,781 < kig,~B]

<k < 1. If h is differentiable in B we must have |h'(R)| < 1.




ince §

4.13)

Thu

Y.14)

:cordii

t.15a)

+.15b)

..15¢)

th

In

able s
figur

ven as

all this condition is equivalent to

X(p)(B;q) > 0.
B=8,

tion x(p)(s,q) has the following symmetry property
3)(B+%T0;q) = - x(p)(B,q)-

(3.18) one has for q = 1 and 0 < p,|B| << 1,

))(B;l) S cB - dp B >p

D (831) m - 2ep I8l < o

’)(8;1) ~ cB + dp B<-p

.2 (b_a b -2 a,b
T (a p * 2 log a)’ d T (2 Tyt a>

o

a b
(] + -b— 10g -a—>.

gures 6a and 6b we give the behaviour of x(p)(s;]) near B =

cﬁl”

p > 0. We see that for p =0, q =1 and 0 < p,|B| << 1 two
nized solutions exist with phase differences BS &+ (d/c)o.
he phase differences for stable synchronized solutions are

ction of p; p can be considered as a bifurcation parameter.




(0)
X(831)

(o)

Behaviour of ¥

stability of the

LE 3

For the system (4.
linear oscillator
ence function x(p)
and p sufficientl

ossible: S S_ an

+?

(p)

The function ¥

19

(p)
X¢n. 8
Bs]) (C) Asyn ~°o\’®
>
6’9
uqstable
B~ Sx P
Q(SJQ
p >0

for different values of p naar B = 0 and the

onized solution for p = 0.

h £(z) sign (22_]) and p = 0.1 log 3 (piece-
elay p =.005 TO) the asymptotic mutual
is given in figure 7. Note that for p = 0,

1 and positive three stable synchronized states

(p)
X(Bs31)

for the piece-wise linear oscillator with p > 0.




Let us consider the system (4.1) with q = | in the vector form

d
4.16a) € a—% = - F(y) + u,

d
4.16b) E% = -y + 8py + Sv(t-p),
4.16c) £ %%-= - F(v) + w,
4.16d) dw _ _ v + S8y(t-p),

dt

atisfying the initial conditions

Y.17ab) y(1)

x(o_+1), v(t) x(a_+1),
y v

4.17cd) u(t)

n
[

z(ay+r), w(T) z(av+T),

1rere (x(a),z(a)) € X€ and 1 € (-p,0]. Similar to (3.21), the phase differ-—
1ce between (y(t),u(t)) and (v(t),w(t)) is denoted by

B(t) = o(y(t),u(t)) = o(v(t),w(t)),

! these points are sufficiently close to Xe° Further, we define the function

_ B(D=B(0)

bo 18) M(a ,a ) =
yv ST

iing (4.7), (4.8) and (4.11), we find that

. 19) 1lim M(a ,uv) = x(p)(a —av) + 0(8).
e~>0 y Y
AMPLE 4
The function M(8,0) has been approximated by numerical integration of
.16), (4.17) with f(x) = x2 -1, € = 1 and § = —Ln As in example 2 the

400 20
‘tegration was carried out with the procedure Multistep. Because of the

lay o a memory was used. It is noticed that near B = 0, the behaviour of
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M(B,0) for p = 0 differs qualitatively from X(O)(B;l), see figure 6a. The
fact that according to formula (4.11) the function X(O)(B;l) is not differ-—
entiable in B = 0 may be responsible for this discrepancy between the nu-
merical result for some € > 0 and the asymptotic result for € = 0. It is
emphasized that the difference lies within the accuracy claimed in formula

(4.9).

+
M(B,0) {-4
1.2
f | -T/4 B > T/2
-T/2 ‘ T/4 y
3 1.
2 0. p= O
. I. p= .0IT
+--4 2. p= .02T
0 3. p= .03T

Fig.8 The function M(B,0) for two Van der Pol oscillators coupled with

delay p.

5. THE PACE-MAKER

In a population of biological oscillators there usually exists an
oscillator or a set of oscillators which directs the rhythm of the population.
It is observed that such oscillators, called pace-makers, are ahead in phase.
Usually their autonomous frequency is higher. Also the coupling itself can
be the source of the pace-maker oscillations. In that case, the pace-maker
oscillator forces the other oscillators stronger than it is forced. Let us
illustrate the above behaviour by considering two coupled identical piece-

wise-linear oscillators (p=0,q=1,p20). By a small disturbance of the

BIBLIOTHEEK MATHEMATISCH CENTRUM
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)arameters p and/or q, we want one of the two oscillators to turn into a
vace-maker. In the figures 9a and 9b we sketch two possibilities. In figure
Ja p > 0, so that y(t) is inherently faster and in figure 9b q < 1, so that
r(t) forces x(t) stronger. In both cases the oscillator y(t) will run ahead
7ith phase difference B.

(a) X(o) (b) X(o)

__*:_\y_ ________ v B> N\
p>0 ) p=0

'ig.9 Two possibilities of coupled, almost identical oscillators with one

D
|
ol

stable synchronized state.

In most studies, the pace-maker is seen as an inherently faster oscil-
ator. For example, ZHABOTINSKY and ZAIKIN [5] consider a spatially distri-
uted system of chemical oscillators in which spontaneously oscillators
itart to function as pace-makers. Considering the phase of an oscillator as
. function of time and position, one observes, after some time, waves with
ircular wavefronts travelling away from the pace-makers (the wave-centers).
ndeed in most cases these wave-centers have a higher autonomous frequency.
ccording to our above model of a pace-maker the wave phenomenon can also
e found in a perfectly mixed chemical system. Initially, the phases of the
scillators are distributed randomly. In a large population of oscillators
ne always finds a small group of oscillators running for some time in
bout the same phase. Together they are strong enough to force their direct
eighbours and as the synchronization proceeds, a wave arises with the small
roup of oscillators as wave-center. We conclude from this that wave-centers
ay arise spontaneously and that in nonhomogeneous media it is more likely
hat they occur at points where the oscillators have a higher autonomous
requency. However, the higher autonomous frequency is not the driving
echanism. If it were, one should also expect circular waves travelling
owards a center with a lower autonomous frequency. This has not been ob-

erved so far.
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RGE SYSTEMS OF OSCILLATORS

dithout meeting any essential difficulties one may extend the method
tion 4 to systems of three or more oscillators coupled with delay.
oscillators there are n-1 phase differences. The synchronization
tion gives n-1 nonlinear algebraic equations for the phase differences.
;ht be difficult to find all solutions of these equations, but some-
particular solutions can be obtained by trial and error. In this way
1y investigate the behaviour of oscillators arranged in various
:ries, e.g. a system of oscillators on a ring. Also the question of
lity of synchronized solutions can be answered. If the n-1 equations
: have a solution, there still exists the possibility of partial
rontzation. In that case subsets of oscillators take a common rhythm,
others with fairly different autonomous frequencies persist in their
1ythm. WINFREE [4] gives a descriptive analysis of partial synchron-
»n. We believe that a systematic study of this problem will lead to
intial difficulties. On the other hand, it is very well possible te

ite the synchronization process for any system of oscillators of the

2

d " x. dXi n
1 _* - - _
e —5 + EGx)gp + (mp0)x; =8 ) agx (epy),
dt k=1
k#i L =1,2,...n,
(i)

)., =2 0 and with f(x) satisfying (2.2). Let P i=1,2,...,n be the

1k
5 of the n oscillators at time t = jT, with T, given by (2.7), then

0 0
(4.7) we will have

G+ _ () _ ¢ (H)_ ()
o; ) 9P; * kzl ag ¥log= o =00 ) Ty
k#1i i=1,2,...,n0,

¥(B) is given by (3.13).
.a (6.2) opens the possibility of computer simulations for large systems

rillators with different structures in coupling a.

ik and delay Ok




he process of synchronization can then be followed over a large number of

eriods.

. CONCLUDING REMARKS

Comparing our computations with those of WINFREE [4], we observe that
uantities, defined in Winfree's paper, such as stimulus function and
ensitivity function, easily can be traced in this study. But, whereas
infree works with hypothetical oscillators, we obtain equivalent results
y applying asymptotic methods to a specific system of differential
quations.

In this paper we investigated coupled, highly nonlinear oscillations
overned by a specific system of differential equations with the objective
> verify whether or not such a system has the properties which are usually
ssigned to hypothetical oscillators. Using Liénard's method we were able
o find approximations for such oscillations. Most of the results of this
aper confirm our ideas about synchronized oscillations. For example,
ynchronization only occurs when the autonomous frequencies are sufficiently
lose. Moreover, it is observed that in the synchronized state the inherent-
y faster oscillators will be ahead in phase.

On the other hand, this study has called the attention to some other
1teresting properties of interacting highly nonlinear oscillations. It is
>ted from figure 7 that for two identical oscillators coupled with small
2lay three stable synchronized states exist. In two of these cases one of
1e two oscillators is slightly ahead in phase; in the third case the two
scillators are exactly in complementary phases. From (4.9) we learn that
1 the synchronized state the period of the system is not necessarily some
serage of the autonomous periods of the oscillators. It may happen that in
1e synchronized state all oscillators slow down or speed up. Moreover, in
:ction 5 it is emphasized that a pace-maker is not necessarily an oscil-
itor with a higher autonomous frequency. Finally, in section 6 we indicated
>w our method can be applied to large systems of oscillators. The results

such a study will be given in a subsequent paper.
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